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Abstract

It has been well established in the literature that the appropriate criterion
for optimum trellis coded modulation design on the additive white Gaussian
noise channel is maximization of the free Euclidean distance. We show here
that when trellis coded modulation is used on a Rician fading channel with
interleaving/deinterleaving, the design of the code for optimum performance is
guided by other factors, in particular the length of the shortest error event
path, and the product of branch distances (possibly normalized by the
Euclidean distance of the path) along that path. Although maximum free
distance (dg.ee) is still an important consideration, it plays a less
significant role the more severe the fading is on the channel. These
considerations lead to the definition of a new distance measure for
optimization of trellis codes transmitted over Rician fading channels. If no
interleaving/deinterleaving is used, then once again the design of the trellis
code is guided by maximizing dgpee-

It is also shown that allowing for multiple symbols per trellis branch, i.e.,
multiple trellis coded modulation (MTCM), provides an additional degree of
freedom for designing a code to meet the above optimization criteria on the
fading channel. It is here where the MTCM technique exploits its full
potential.
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Introduction

In previous publications [1-4], the authors have considered the performance of
conventional and multiple trellis codes in a Rician fading environment
characteristic of the mobile satellite channel. Results were reported for
both the case of coherent detection and differentially coherent detection with
and without the use of channel state information (CSI). The primary emphasis
in these previous works was the degradation in performance produced by the
fading for trellis codes designed to be optimum on the additive Gaussian noise
channel (AWGN).

In this report, we look more carefully into the properties of the trellis
coded modulation (TCM) that enter into the various expressions for average bit
error probability corresponding to the above-mentioned cases and then proceed
to use these as design criteria for conventional and multiple trellis codes
operating over a fading channel. It is shown that, whereas maximizing free
Euclidean distance (dfree) is the appropriate optimum design criterion on

the AWGN, over Rician fading channels with interleaving/deinterleaving, the
asymptotic performance of TCM at high signal-to-noise ratio (SNR) is dominated
by several other factors depending on the value of the Rician parameter K,
i.e., the ratio of direct plus specular power (coherent components) to diffuse
power (noncoherent component). In particular, for small values of K (the
channel tends toward Rayleigh), the primary design criteria for high SNR
become: . 1) the length (to be defined in the report) of the shortest error
event path, and 2) the product of branch distances along that path, with

dfree a secondary consideration. Thus, at low values of K, the longer is
the shortest error event path and the larger is the product of the branch
distances along that path, the better the code will perform even though

does not achieve its optimum value over the AWGN! As K increases, the

d
~free
significance of these primary and secondary considerations shift relative to

one another until K reaches infinity (AWGN), in which case optimum performance
is once again achieved by a trellis code designed to maximize dfree'
To demonstrate the above analytically, our approach will be to first take the

previously derived [1-4) upper bounds on average error probability performance

in the presence of fading and investigate their asymptotic behavior as SNR



gets large. A comparison of these results for the different cases, i.e.,
coherent versus differentially coherent detection and CSI versus no CSI, will
reveal some striking similarities with regard to the way in which certain
properties of the trellis code design affect the rate of descent of average
error probability with average SNR. When these properties are used as a
motivation for good code design, we then show that multiple trellis coded
modulation (MTCM) [4], wherein more than one channel symbol is assigned to
each trellis branch, is a natural choice in this situation. In fact, we will
show that MTCM allows us to achieve a performance on the fading channel
superior to that achievable by a conventional (single channel symbol per

trellis branch) TCM of the same throughput and number of trellis states.

Since conventional TCM can be viewed as a special case of multiple TCM [4], we
shall begin our detailed discussion with a description of the system model for

the more general MTCM.

System Model

The system under consideration is illustrated by the block diagram in

Figure 1. The elements indicated in dashed lines represent system functions
that are peculiar to the form of detection, i.e., coherent versus
differentially coherent. In particular, the differential encoder is required
for differentially coherent detection but not coherent detection. Similarly,
the injection of a pilot tone at the transmitter and its extraction at the
receiver for purposes of demodulation are required for coherent detection but
not differentially coherent detection. All other blocks have similar system

functions for both forms of detection.

The key elements of Figure 1, as far as our interest in this report is
concerned, are the trellis encoder and the MPSK signal set mapping.* A
multiple trellis encoder has b binary input bits and s binary output symbols

which are mapped into k M-ary symbols in each transmission interval (see

*In keeping with our previous work [{1-4] on the performance of TCM over
fading channels, we consider only MPSK modulation.



Figure 2). For such a transmitter, the throughput is b/k bps/Hz which has a
b/k .
unity bandwidth expansion relative to an uncoded system with a 2 -point

signal constellation.

One way of producing such a result is to partition the s binary encoder output
symbols into k groups of m = logZH symbols each. Each of these groups
results in an MPSK output symbol. Clearly, to achieve this result, the

transmitter parameters s, k, and M must be chosen such that s = k logZH.

Another possibility is to partition the s binary encoder output into k groups
of symbols where each group now corresponds to, in general, a different size
MPSK signal set. Thus, if, for the ith group, mi = logZHi, then we
require s = n, + m, + ..., + m - Another interpretation of this -
requirement is in terms of the total number of multiple signals 2 used in

the trellis diagram. Since, for any encoder, s > b+l, then m;, mp, ...,

m; must be chosen such that szi is greater than the total number of multiple
signals required in the trellis diagram. If M is not a power of 2 then the
equivalent requirement is 2P+l < L M;.

In keeping with our previous work on MTCM, we shall emphasize the former
partition, i.e., k equal size groups, but also allow for the latter partition
in terms of an example. A complete exposition of the applications and
advantages of partitioning into unequal group sizes is the subject of a future

paper by the authors.

Asymptotic Performance Analysis

A. Ideal Interleaving/Deinterleaving

An upper bound on the average bit error probability is obtained as

P < ZJ.Z:a(g.g)p(z)P(g > %) (1)
X)X € ¢

where a(x,X) is the number of bit errors that occur when the sequence x is

transmitted and the sequence X # x is chosen by the decoder, p(x) is the a



priori probability of transmitting x, and ¢ is the set of all coded sequences.
Also, in (1), P(x » X) represents the pairwise error probability, i.e., the
probability that the decoder chooses %X when indeed x was transmitted. The

upper bound of (1) is efficiently evaluated using the transfer function bound

approach applied to TCM in [1-5].

Evaluation of the pairwise error probability depends on the proposed decoding
metric, the presence or absence of CSI, and the type of detection used, i.e.,
coherent versus differentially coherent. For example, consider the case of
coherent detection with ideal (perfect) CSI and a Gaussian decoding metric
(correlation metric). For this case, it has been shown ([1], Equations (20) -
(21)) that, conditioned on the fading amplitude vector p = (pl. Pyr o pn).

the pairwise error probability is given by

P(x » xlp) < (2a)

A
5
!
&1 m
z |m
(=]
Q
N
”~~
1%
%
(A

where

N
ne

2 " 42
E Pnlxn - xnl (2b)
nen

represents the square of the weighted Euclidean distance between the two
symbol sequences x and X and n is the set of all n for which X # in'
In (2b), Py is the normalized fading amplitude for the nth transmission
interval which for Rician fading has the probability density function

(independent of n)

(p) = 2p(1 + K) exp [-K - pz(l + K)Io(Zp VKO + K)); p20 (3)
PiP) =70 ; otherwise

where Io(x) is the zero-order modified Bessel function of the first kind.

Also, in (2a), ES/N is the M-ary channel symbol energy to noise spectral

0
density ratio. For multiple trellis coding, the symbol energy ES is related

to the bit energy E_ by Es = (b/k)Eb.

b



For ideal interleaving/deinterleaving, the pn's in (2b) are independent
and, as noted above, identically distributed. Thus, averaging (2a) over the

probability density function of (3) gives [1]

r E N
S 2
1+K K“No ¥~ %l
P(x+> % < I = exp { - = > (8)
nen S Y- - 22
1 +K+ 2N Ixn xnl 1 +K+ 2N Ixn xnl
0 \ 0 )
which can be written in the form
E
- s 2
P(x > X) < exp (— — d ) (5a)
4N
(o]
with*
~ E -
s ” 12
, IXn _ in'ZK Es -1 (1 +K+ Zﬁ; Ixn xnl
a% = Y - s +135-] In TR L (5b)
nen s 2 0
1 +K+-— |x x_|
4N n n
Lo OY ) - . JJ
2 2
dln d2n
Note that for K = » (no fading),
2 “ 2
40 = |xn - xn'
(6a)
2
d2n =0

and thus d2 is merely the sum of the squared Euclidean distances along the
error event path.

*Note that d satisfies the conditions for a distance metric (see Appendix A).



For K = 0 (Rayleigh fading),

2
d1n =0
2 l—E:s -1 E:s Ix - % |2
d2n = Zﬁ; In {1 + Zﬁ; n n _ (6b)

and thus for reasonably large Eg/Ngp values, d2 is the sum of the

logarithms of the squared Euclidean distances (each weighted by Eslauo).

Equivalently, the upper bound on pairwise error probability for this special

case becomes

- -1
~ ~ 12
P(x 2> X) < 1 = - X (M
= 7 “\inen 4N0 *n nI
i.e., it is proportional to the product of the squared Euclidean distances

along the error event path.

For values of K between 0 and », the equivalent squared Euclidean distance,
2

d”, will be a mixture of the above two special cases. We now turn our

attention to asymptotic behavior.

At sufficiently high SNR, (4) simplifies to

)
~
IN
|X’

< I1 1 2 e_K (8)
ne ( )Ix - x|

_n___n_
No 4 (14K)

Substituting (8) into (1), we get

2:2: a(x,x) p(x) II 2 © 9)
XX e nen Ix, - %1
ﬁ; 4(1+K)

whose evaluation depends on the particular trellis code design.



To identify the important considerations for such a design in a fading
environment, we first observe that the upper bound of (9) will be dominated by
the term in the summation which has the slowest rate of descent with

ES/NO. This in turn corresponds to the error event path with the smallest
number of elements in n. We refer to this path as the "shortest error event
path” and define it more formally as the error event path with the smallest
number of nonzero distances between itself and the correct path. We also
define the "length"”, L, of the shortest error event path by the number of
nonzero pairwise distances between the symbols along its branches and those
along the correct path. It is to be emphasized that pairwise distance refers

to Euclidean distance between corresponding symbols on the pair of paths being
compared.

In terms of the above definitions, we see that asymptotically with high SNR,

the average bit error probability is approximately given byx

K L

0 >> K (10)

where C is a constant that depends on the distance structure of the code. For
now, the important point to be observed in (10) is that Py varies inversely

. = L
with (ES/NO) .

For conventional trellis coding, wherein each branch in the trellis
corresponds to a single MPSK output channel symbol, the shortest error event
path is that error event path with the fewest number of branches having
nonzero pairwise distance from the correct path. For most cases, this also
corresponds to the shortest length (in branches) error event and thus L is

just the number of branches on this path.

*The approximation in (10) stems from the fact that we consider only a single
term in (9), namely, that due to the shortest (in length) error event path.
Also, for simplicity, we shall ignore the number of such paths in the
computation of C. As such, (10) also represents a strict lower bound on Py .



For multiple trellis coding, wherein each branch in the trellis corresponds to
more than one MPSK output channel symbol, the "length"” of the shortest error
event path is always equal to or greater than the number of branches along the
shortest error event path. In view of (10), the possibility of a value of L
greater than the length (in branches) of the shortest error event path is
significant and what affords multiple trellis coding the opportunity of
improving trellis coding performance on the fading channel. A simple example
of this comment, which will be explored in a more general context later on in
the report, pertains to trellis diagrams with parallel paths between states.
This occurs whenever Zb, i.e., the number of possible transitions from a
given state, exceeds the number of states of the trellis diagram. In such
cases, with conventional trellis coding, the minimum distance error event path
is often the parallel path, i.e., the shortest error event path is of length
one branch, and thus L = 1. With MTCM, we have the option of still having a
trellis diagram with parallel paths, yet because of the multiplicity, we can

have more than one nonzero pairwise Euclidean distance along that path; hence

the opportunity of achieving a value of L greater than one.

As a second example, consider the case of differentially coherent detection of
MPSK (i.e., MDPSK) with no CSI and a Gaussian decoding metric. Although this
metric is suboptimum for MDPSK, it was shown in [4] that it is considerably
easier to implement than the true optimum metric and thus of significant
practical interest. From Equations (25) and (26) of [4], the upper bound on

pairwise error probability for the Rician channel is given by

x>

P(x » %) < I1
nen

2 Es 2
1 +K+ lxn - x| 22 == (1-40) - (20) 7 (1+K)

2}
=1
N

—

-8 -
2\ K N, (1-4)) |xn "nl L

(11)

No

X exp 4 - E
1 +K+ Ixn - ﬁnlz [%X — (1-4)\) - (ZK)2 (1+K{]

-



where A is a Chernoff bound parameter to be optimized. For the Rayleigh
channel (K=0), (11) simplifies to

P(x > % < 11 1 * (12)
nen L 2 Es 2
1+ |x - x| 2N = (1-4)) - (2)N)
n n N
0

The bound in (11) cannot be optimized over A independent of the index n. On
the other hand, the result in (12) can be optimized over A\ independent of
n. In particular, differentiating the expression in brackets in (12) with
respect to A and equating the result to zero gives the optimum Chernoff

parameter for the Rayleigh channel, namely,

E
s
N o (13)
opt ~ ES
1+2 =
0]
For high SNR, (13) simplifies to
~ 1
kopt = 8 (14)

Although (14) is not the optimum value of A for (1l1), we use it nevertheless
(resulting in a looser upper bound) to arrive at a result in a desirable

form. Thus, substituting (13) in (11) gives

P(x» %) < ]I T
nen 1x) - %17 15 Eg _ ey
1 +K+ -
16 N
0
r _ 8
E
S a 12
K(gﬁ;)lx - xnl
X exp 4 - 2 - -
Ixn - ﬁnl Es
1 +K+ = 2 2% - )
- 0 -




-10-

Es 2
=exp |- — d (15a)
4N0

Lix -21%
d2 - 2: < 2 n 2n ~
nen 'xn - inl E_
L1 + K + — 1e 2 ﬁ; - (14K)

aN in 1+ K (15b)
is a distance metric for Eg/Np > (1+K)/2.
For sufficiently high SNR, (15) can be further approximated by
- -K
P(x~>x) < [I — 1 e (16)
ncn(E) Ix - % |2
_s n n
No 8(1+K)
Finally, using (16) in (1), we get
" 1 -K
P, < 2,0 alxp) [T 5 e (17)
X, X ¢ nen EE Ixn - xnl
No 8(1+K)

which is identical to (9) except for a scale factor and thus can be written in
the form of (10).

As a third example, consider once again the case of coherent detection of
MPSK, now, however, with no CSI. From Equations (28) and (29b) of [1)}, the

upper bound on pairwise error probability for the Rician channel is given by



-11-

E Pn
" (2
A(pn - X)Ixn - xnl

—

E § Pn
2 s “ 2 s " 2
exp \M y Ix, - x| exp(— N Men Ix, - % | (18)
0 0

The expectation over the Rician probability density function of (3) is

performed in [1], which reduces (18) to

-K T 7 2 .
X e 1 - ;; é n(0)exp(n (O))erfc n(0) d6 (19)
where
E

2 s

Axo - xnl ZNO
n(o) = ~ vK cos 6 (20)

v1+K

For sufficiently large ES/N the first term of (20) dominates, in which

o’
case n(0) becomes independent of 6 and the evaluation of the integral
becomes trivial. Thus, approximating (20) by its first term allows (19) to be

simplified to



-12-

- 72 -

~ (2 _8 A 12 _8
X exp xlxn - xnl N erfc klxn - xnl N
0 0

(21)

Furthermore, since for large ES/No we can use the asymptotic expansion for

the complementary error function, namely,

VA S 2

2
erfc x = SXEX —v—l— (22)
2x

then, using (22) in (21) gives the further simplification

E
2 _s A 2
exp(k 2: Ixn - xnl )

NO nen
= = 2L, (23)
2ln 2%En (—5—) Iix -%1°
2N n n
0 nen

where L is the "length" of the error event path corresponding to X%, i.e.,

n
the number of elements in n.

The result in (23) can be optimized over the Chernoff parameter. Performing

this optimization gives

2 - n (24)

which, when substituted in (23), gives the tightest upper bound on pairwise

error probability, namely,



-13-

eLn
P(x » X) < \2E,
E L ~ 4
oL s n I1 Ixn - xnl
n ZNO E 2: 2 nen
= Ix - x|
N. nen n n
0
L
= (3 - )" () o Y
Ln nen_ ° n _ Ly Il lxn " xnl

= = (25)
~ \L 2 = \L nen 172
E )M IT ux - & 12 s )" (Z Ixn—inlz>
No nen No nen

Finally, substitution of (25) in (1) allows computation of the upper bound on

bit error probability, which once again can be put in the form of (10), where

L would be the smallest value of Ln. The primary difference between this
third example and the previous two is the manner in which the constant C in
(10) depends on the distance structure of the trellis code. More about that

later on.

An Example

Consider a rate 1/2 trellis coded 4PSK modulation with the 2-state diagram
illustrated in Figure 3. Each branch of this diagram is labeled with the 4PSK
symbol transmitted when making that particular transition. The shortest error
event path is of length 2 branches and both of these have nonzero distance
with respect to the branches of the correct path (assumed to be the all zeros

prath). Thus, the "length” L of the shortest error event path is equal to two.

For coherent detection without CSI, we need to compute the ratio of the sum of
the squared branch distances to the product of the squared branch distances in
accordance with (25). From Figure 3, the square of this ratio is easily

computed as

2: b, - inlz 2

nen _L4+2) 36 9 (26)
- 12 B 2 64 " 16

IT Ix - % | (4x2)



~14-

Thus, letting Ln = 2 in (25), Es = Eb

same equation gives the upper bound on pairwise error probability

, and substituting (26) into this

IA

2
= (27)

which, for large E is also approximately equal to the upper bound on

b/No,
bit error probability. Letting K=0 gives the identical result obtained in

[1, Equation (67)]) for the Rayleigh case.
For coherent detection with CSI, we need to compute the product of the branch

distances in accordance with (9). For the shortest error event path this

product is easily computed as

I1 Ix, - % 1" =4x2=8 (28)
nen

Thus, keeping only the term in (9) corresponding to the shortest error event

path we get
Pb o~ 1 > e—ZK
(E )2 I1 Ixn - xnI
_b] nem
N (4145012
2¢" X (1412

= (29)



-15-

which for K=0 agrees with [1, Equation (49')]*,

Finally, for differentially coherent detection with no €SI, (17) also requires
calculation of the product of branch distances. Using (28) and again keeping

only the term in (17) corresponding to this path, we get

~ 1 -2K
Pb = 2 e
(E )2 I1 'xn - Xn|
bl nen
¥ (8(1+K)1°
-2K 2
8e  (1+K)
- 8e 1+K (30)

which, for K=0, agrees with (56a) of [4].

B. No Interleaving/Deinterleaving

If no interleaving/deinterleaving is employed, then the assumption that the
fading is independent from symbol to symbol is no longer valid. In fact, if
the fading is sufficiently slow as to be constant over the duration of a
number of symbols equal to the minimum distance error event path, then for
coherent detection with a Gaussian metric, the average bit error probability

is asymptotically upper bounded by

2.2 Es
Py, =Cpexp \-p dp e 4N (31)

2

where C, is a constant, d
free

1 is the squared free distance of the code, i.e.,

2 . " 2
deree = Min 2 Ix, - & | (32)
nen
*Equation (49') of [1] should be corrected to read Pb = _1

= 2
( Eb/fz'no)
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and the overbar denotes averaging over the Rician probability density function

of (3). Performing this average gives

c E
~ __1+K 2 | _ 42 S
Py =0 1+K+C, exp (\K 1+x+c2)’ C, = %ree 4N (33)

which can be approximated for large ESINO by

pz¢— K K (34)

b E
2 S

free NO

where

For differentially coherent detection with a Gaussian metric, the analogous

result to (31) is obtained from [4; Equation (25)]) and is given by

P
et ~ 2
2 Eg ‘ Ixn-xnl (1-47,)
exp 1-2hgP  y 2 . 2
min 0 nen 1—(2k0) |xn—xn|
Pp S ¢ ] 2 2 (35
0 IT [1—(2ko) Ix % | ]

nen

where n corresponds to the dominant error event path. Again performing the

average over the fading probability density function gives

LS S ¢,
. 1+K+C_ P 1+K+C
nmin 2 2/,

P Sy 1 2 2
0 1 P-(zxo) Ix -%_| ]
nen
~ 2
E Ixn—xnl (1—4ko)
c, = 2, i, > . (36)

2
nen 1-(2ko) Ixn—xnl
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which for large Eg/Ng simplifies to

Ci (14K) e K

P < min
b~ A _ 21w 3 12
0 ¢, II i1 (2n) lxn xnl ]
nen
, -K
nin C; (1+K) e
=3 = (37)
0 ) " 2 2 ~ 2
2, (1-41) (n ) D Ix % 1° T1 11-c2a)%1x -2 |°]
0/ nen ken
k#£n

which, when optimized over the Chernoff parameter, can be put in the form of
(34).

Thus, for either coherent or differentially coherent detection, comparing (34)

with (10), we observe that, with no interleaving/deinterleaving, independent of

the trellis code, the asymptotic steepest rate of descent of Pb with ES/N0 is

inverse linear.

Multiple Trellis Coded Design for Fading Channels

In this section, we expand upon the brief comments previously made about the
suitability of using multiple trellis codes on the fading channel. In
particular, we shall demonstrate that multiple trellis coding has the ability
to produce a performance behavior that otherwise would not be achievable with
conventional trellis coded MPSK of the same effective code rate, complexity

(number of trellis states), and number of signal points M.

Recall that with conventional trellis coding (i.e., one symbol per trellis
branch) the length L of the shortest error event path is equal to the number
of trellis branches along that path. Equivalently, if we assume that the all
zeros path in the trellis diagram represents the transmitted sequence, then L
is the number of branches in the shortest length path to which a non-zero MPSK

symbol is associated. Since a trellis diagram with parallel paths is
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constrained to have a shortest error event of length one branch, we immediately
have L = 1, i.e., the average bit error probability asymptotically varies
inverse linearly with ESIN . Thus, we conclude that for conventional

o
trellis coding on the fading channel, from an error probability performance

standpoint, it is undesirable to design the code to have parallel paths in its
trellis diagram. Unfortunately, however, for a conventional rate n/(n+l)
trellis code, when 2n exceeds the number of states, one is forced into a
trellis with parallel paths. Thus, in these instances, there is no choice but

to accept an inverse linear asymptotic performance on the fading channel.

When multiple trellis coding is employed, we regain the option of designing a
trellis diagram with parallel paths yet still being able to achieve an
asymptotic performance on the fading channel which varies inversely with E;/NO
at a rate faster than linear. The reason behind this lies in the fact that even
if there exist parallel paths in the trellis, it is now possible to have more
than one MPSK symbol with non-zero Euclidean distance associated with an error
event of length one branch. In fact, even if the multiplicity, k, is equal to
just two, as long as all of the pairs of MPSK symbols assigned to the parallel
paths are not alike in either of the two symbol positions, i.e., they both
represent non-zero Euclidean distances, then the pairwise error probability
associated with that error event path will vary inversely with the square of
ES/NO.
on the fading channel is to maximize the number of symbols with non-zero

Thus, the primary objective for good multiple trellis code design

Euclidean distance along the error event path of shortest length. A secondary

objective is to minimize the constant C in (10), which, depending on the
detection scheme (i.e., coherent or differentally coherent), requires either
maximizing the product of the squared branch distances or maximizing the
product of the squared branch distances each normalized by the square root of

their sum along this shortest length path.

The simplest way of illustrating the above considerations is with an example.
In [5], we consider the design of rate 2/3 conventional trellis coded 8PSK
systems for the AWGN. In particular, for the 2-state case, the trellis
diagram is illustrated in Figure 4. Since for a rate 2/3 code there are

22 = 4 possible transitions from each state to the next state, a

conventional 2-state trellis must have 2 parallel paths between states. 1In
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Figure 4, these parallel paths are labeled with the MPSK output symbol

transmitted over the channel when that particular transition occurs.

The performance of this conventional TCM scheme used on the Rician fading
channel with coherent detection at the receiver is given in [3]. Because of
the existence of parallel paths in Figure 4, this performance will

asymptotically (for sufficiently large Es/NO) vary inversely with ES/N In

~

particular, since, for the parallel paths, Ixn - xnl2 = 4, then, for example,

o
for coherent detection with ideal CSI, the dominant term of (9) yields

(Ll LK oK _ 1 Lk X (38)
b~ 2fE 4<Eb
Yo 0

where we have also noted that for a rate 2/3 code, Es = 2E

P

=

b’

Now consider the rate 4/6 (=2/3), 2 state multiple (k=2) trellis code, with
the trellis diagram illustrated in Figure 5. For this code b=4, s=6, and thus
there are 2b = 16 possible paths leaving each state. Since there are only 2
states, each transition between states has 8 parallel paths. The sets of 8PSK
symbol pairs for these transitions are illustrated directly on the branches of
the trellis diagram and correspond to the signal points in the 8PSK signal

constellation as shown. The construction of these sets is given below.
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G=E+[02]= H=E+[20]=
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L1 3 (39)

r
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First of all, we note that all of the parallel paths have a distinct pair of
8PSK symbols which differ from each other in both symbol positions. Thus, in
so far as single branch error events are concerned, the number of 8PSK symbols
wth zero Euclidean distance from the correct path is two. Second, for an
error event of length two branches, there are at least two out of the possible
four 8PSK symbols that have non-zero Euclidean distance from the correct

path. This is true for each of the 64 such possible paths. Finally, then, in
accordance with the previous definition of L, the length of the shortest error
event path is two, i.e., the asymptotic average bit error probability
performance of this coded modulation scheme will vary inversely with the
square of ES/No as desired. As a specific demonstration of this result,
consider again the case of coherent detection with ideal CSI. If we
arbitrarily take the all zeros path as being the correct one, then, for the
two branch error event, the one parallel path in F that differs by one symbol
from the correct path is {0 4] (or [4 0]), which has squared Euclidean
distance 4. Similarly, the one parallel path in G that differs by one symbol
from the correct path is [0 2] (or (2 0]}), which has squared Euclidean
distance 2. For the one branch paths in parallel with [0 0], the smallest
squared Euclidean distances occur for path [1 5], i.e., 4 sinz(uIB) and

4 sin2(51/8) whose product is less than (4)(2) = 8. Thus, the dominant

term in (9) will correspond to the one branch error event, i.e., a parallel
path, for which the average bit error probability is asymptotically
approximated by
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1
= 2 e (40)

It goes without saying that the signal sets assigned to the trellis of
Figure 5 will not produce optimum performance on the AWGN channel. We now
investigate the extent to which that performance is degraded relative to the
optimum assignment for the AWGN illustrated in Figure 6 (see [2], Figure 4a).
Since on the AWGN channel asymptotic bit error probability performance is
measured by the free distance of the trellis code, we shall now compare this
quantity for the trellis diagrams of Figure 5 and 6.

From Table 1 of (3], we find that diree = 4 sinz(«/a) + 8 sinz(«/8) = 3.172 for
the trellis code of Figure 6. The minimum Euclidean distance path for the
trellis of Figure 5 also has length two branches. Then, since the minimum
squared Euclidean distance between sets E and F and between sets E and G is

2(4 sinz(w/S)) = 1.1715, we have that diree = 2(1.1715) = 2.343 or a penalty
of 10 10310(3.172/2.343) = 1.315 dB.

As a second example, consider a 4 state, rate 4/5 multiple (k = 2) trellis
code whose 5 output symbols are mapped into one QPSK symbol and one 8PSK
symbol in each transmission interval in accordance with the generalized MTCM
transmitter of Figure 1. The advantage of such a hybrid MTCM scheme over one
whose multiple output symbols all come from the same alphabet is that the
former is much less sensitive to carrier synchronization errors at the
receiver. This stems from the fact that signal points in a QPSK constellation
have greater distance between them than those in an 8PSK constellation and are
thus less sensitive to phase jitter. Thus, one can derive the carrier
reference necessary for coherent demodulation from only the received QPSK
symbols. Potentially then, one can obtain an overall improvement in average
system bit error probability performance relative to a 4 state, rate

4/6 (= 2/3) coded 8PSK system also of multiplicity k = 2 and throughput

2 bps/Hz, despite the fact that the latter would perform better in an ideal

(perfect carrier synchronization) environment.
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Figure 7 is an illustration of the trellis for the above hybrid scheme. Since
b = 4, there are Zb = 16 paths emanating from each node. Thus with

4 states, we assign 4 parallel paths between nodes and the trellis is fully
connected. The construction of the signal sets for assignment to the branches
of this trellis which produce optimum performance on the Rician fading channel

is given below:

1
J

00| 00 22
A= [; s B = [4 4] + [2 2] = 6 6|
[0 0] (0 4 |
c-aup= |22 D=C+[04] = |28
- T a4 oa - “ a0
(6 6| [ 6 2]
[0 2] [0 6 |
E=C+[02] = |24 F-=c+06]=129
=C+l02l =1, =Cc+ = |s2
| 6 0| 6 4
(0 17 0 5]
23 27
G=C+([01]= |, H=D+(01] = |,
6 7 [ 6 3]
[0 3] (0 7]
25 21
I =E+ [01] = 47 J=F+ [01] = 43
| 6 1] [ 6 5 ] (41)

For the above set assignment, the error event path with the shortest length is
the parallel path. Since for each set of parallel paths, both symbol
positions represent distinct assignments, i.e., nonzero Euclidean distance,
then the length of this one branch path is L = 2 symbols and, from (10), the
asymptotic behavior of the average bit error probability on the Rician fading
channel varies as the inverse square of ES/NO. The minimum squared

distance between the parallel paths is 4. However, the three branch error
event path with signal set assignments, E, C, and G (see Figure 7) has a

smaller squared distance equal to 2 + 0 + 4 sin2(w/8) = 2.586 and thus we have

d2 = 2.586.
free
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In [6], Ungerboeck considered a 4 state, rate 2/3 conventional (k = 1) trellis
coded 8PSK system with 2 parallel paths between nodes (i.e., a half-connected
trellis). For his scheme, the parallel paths represented the minimum distance
error event and it was found that d?ree = 4, However, because of the absence
of multiplicity, if this code were used on the fading channel, it would have

an asymptotic error probability performance that varied only inverse linearly

with ES/N Thus, with the above hybrid MTCM scheme, we obtain a

o'
performance on the ideal AWGN channel inferior to that of the equivalent
Ungerboeck code, with much improved performance on the fading channel and
perhaps equivalent performance in the presence of imperfect carrier

synchronization.

Set Partitioning for Multiple Trellis Coded MPSK

With the previous examples as a basis, we now describe a set partitioning
method for the design of multiple trellis coded MPSK to achieve optimum
performance on the Rician fading channel. 1In [7]}, Ungerboeck presented a set
partitioning method for multiple trellis coding on AWGN channels. The method,
which makes use of k-fold (recall that k denotes the multiplicity) Cartesian
products of the sets found in Ungerboeck's original set partitioning method
for conventional (k=1) trellis codes [6], is in essence the k-dimensional
generalization of the latter. Since, as we have already obserﬁed, the
criteria for designing optimum trellis codes on the fading channel are quite

\
different from that for the AWGN channel (i.e., maximize d ee). one might

anticipate that the set partitioning method would also be gggnificantly
different than that discussed in [7]. Indeed such is the case with the only
common thread between the two being that we start the procedure with a k-fold
Cartesian product of the complete MPSK signal set. The remainder of the
procedure, along with the motivation for it, is described in what follows.
For simplicity of explanation, we shall first focus our attention on the

multiplicity 2 case.

Let Ao denote the complete MPSK signal set (i.e, signal points

0,1,2,...,M-1) and Ao(:)Ao denote a 2-fold Cartesian product of A, with
itself. Thus, an element of the set Ao(:)Ao is a 2-tuple whose first and
second symbols are each chosen from the set Ao. The first step is to

partition Ao(:)Ao into M signal sets defined by the ordered Cartesian
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product* Ao(:)Bi; i=20,1,2,...M-1 where the jth element (j =

0,1,2,...,M-1) of Bi is defined by nj+i and the addition is performed modulo
M. Thus, the jth 2-tuple from the product AO<:>Bi is the ordered pair
(j,nj+i). The selection of the odd integer multiplier n is the key to the set
partitioning method. Before presenting the relation whose solution provides
the desired value(s) of n, we shall first discuss what the first partitioning

step is trying to accomplish.

The first partitioning step accomplishes two purposes. First it guarantees
that within any of the M partitions, each of the two symbol positions has
distinct elements. That is to say, for any 2-tuple within a partitioned set,
the Euclidean distance of each of the two symbols from the corresponding
symbols in any other 2-tuple within the same set is nonzero. We recall that
this is the desired property from the standpoint of maximizing the "length” of
the shortest error event path. Stated another way, if the shortest error path
is of length 1 branch (i.e., parallel paths exist in the trellis and have the
smallest Euclidean distance from the correct path), then the length L of this
path is guaranteed to have value 2 and the error probability performance on
the fading channel will vary as the inverse square of ESINO.
The second purpose accomplished is that the minimum Euclidean distance product
between 2-tuples within a partitioned set, i.e., the minimum of the product of
the distances between corresponding symbol positions of all pairs of 2-tuples,
is maximized. To determine the value of this distance, we observe that the
set Bi+1 is merely a cyclic shift of the set Bi’ i.e., a clockwise

rotation of the corresponding signal points by an angle 2#/M. Thus, since

the squared Euclidean distance between a pair of 2-tuples is the sum of the
squared Euclidean distances between corresponding symbols in the 2-tuples, the

above set partitioning guarantees that the intradistance structure of all of

the partitions Ao(:)Bi is identical. Thus, it is sufficient to study the

distance structure of Ao<:)B henceforth called the generating set. For

0’
this set, the product of the squared distances between the ith 2-tuple and the

jth 2-tuple is

*By ordered Cartesian product we mean the concatenation of corresponding
elements in the two sets forming the product.
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ij M M

Thus, based on the above requirement, we wish to choose n such that the
minimum of nd:j over all pairs of 2-tuples in Ao(:)Bo is maximized.

Making use of the symmetry properties of the MPSK signaling set around the
circle, we can write the above as follows. Letting n* denote the desired

value(s) of n, then n* has the maximin solution(s).

max min

. 2/mw\ . 2 [n*mw
x = L
£ = he1,3,5,...,W2-1 mel,2,... M72-1 1 ST (n )Sl" ( M ) (432)
Equation (43a) has the equivalent vector form
max min
* 2
g(nx) = |z~ 1|2 12 -1 (43b)

ne1,3,5,...,M/2-1 m=1,2,...,M/2-1

where z = exp(j2w/M) represents a unit vector with phase equal to that
between adjacent points in the signal constellation. For M=2, we have the

degenerate solution n*=1,

Note that the additive inverse(s) of n*, i.e., M-n* is (are) also valid
solutions. This conclusion is easily derived by substituting z =
exp(j2w(M-n)/M) = z--n for zn in (43b) and observing that the equation is

unchanged.
Table 1 gives the solution of (43) for M=4, 8, 16, 32, and 64.

The sets obtained by this first partition are illustrated below for the case
M=8 and n*=3 which is the single solution of (43). (Note that the additive

inverse n*=5 could also have been used to generate (44).)
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[0 0] [0 1] [0 2] (0 3
13 14 15 16
26 27 20 21
31 32 33 34
BBy = |4 4| A®B; =|455] 2®By =|46| AH®By =1,
57 50 51 5 2
6 2 6 3 6 & 65
[ 7 5 ] [ 7 6] 17 7] (7 0]
[0 4] [0 5| [0 6 | [0 7
17 10 11 12
2 2 2 3 24 25
35 36 37 30
A0®134= 40 Ao®Bs= 41 A0®B6= 4 2 Ao®B7= 43
53 5 4 55 56
6 6 6 7 60 61
71 7 2 |7 3 7 4] (a8)

[
L
f
L

Note that sets A0®B0, AO®B2, Ao®34, AO®B6 of (44), which have the
largest distance between them, i.e., the largest interdistance, are identical,
respectively, to sets E, G, F, and H in Figure 5, where only 4 sets of 8
elements each were needed and n*=5 rather than n*=3 was used. Equivalently,

d d B_ i
one could have employed sets A0®81’ A0®B3’ AO®B5. and Ao® , in

Figure 5.

If one was to follow tradition, then the second step in the set partitioning
procedure would be to partition each of the M sets Ao(:)Bi;

i=0,1,2,...,M-1, as in (44), for example, into two sets CO<:)DiO and

Cl(:)Dil’ with the first containing the even elements (j=0,2,4,...,M-2)

and the second containing the odd elements (j=1,3,5,...,M-1). While it is
true that for each of these partitioned sets, the elements in each of the two
symbol positions would still be distinct, unfortunately, it is not always true
that these sets have the minimum Euclidean product distance between 2-tuples
maximized. Thus, we immediately conclude that the appropriate method to
generate the sets on the second level of partition does not necessarily follow

a tree structure.

After a little thought, it becomes obvious that one should partition in such a
way that the resulting sets (of dimensionality M/2) should have an
intradistance product structure equal to that which would be achieved by a
first level partitioning in accordance with (43) with, however, M replaced by

M/2. Interestingly enough, this second level of set partitioning
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can still be achieved by an odd-even split of a first level partitioning like
that previously described; however, the value of n* used to generate the sets
on this first level should be that corresponding to the solution of (43) with
M replaced by M/2 (or its additive inverse). Note that if one of the
solutions of (43) (including the additive inverse) is equal to one of the
solutions of (43) (again including the additive inverses) when M is replaced
by M/2, then indeed the first two levels of set partitioning follow a tree
structure. By inspection of Table 1, we observe that when M=4, 8, and 32,
there exists a value of n* common to these values of M and the corresponding
values of M/2. Thus, for M=4, 8, and 32 the first two levels of set

partitioning follow a tree structure whereas, for M=16, they do not.

As an example of the second level of set partitioning, the sets that result

from the partitioning of the sets in (44) are given below

[0 0] 1 3] [0 1] 1 4]
26 31 27 32
Co®Doo“ 4 4 Cj®001= 57 C0®D10= 45 c1®Dn' 50
6 2] | 7 5 ] 6 3| | 7 6
(0 2] 1 5] [0 3] (1 6 ]
20 33 21 34
C0®D20= 4 6 C1®D21= 51 C0®D30= 47 c1®[)31= 5 2
6 4 (7 7] 6 5| | 7 0|
(0 4 | 1 77] [0 5] (1 0]
2 2 35 23 36
C0®D4o= 4 0 C1®D41= 5 3 Co(@[’so= 41 Cl®°51= 5 4
6 6 7 1] 6 7. 7 2]
[0 6] 1 1] 0 7] 1 27
2 4 33 25 30
Co®Deo= 14 2| C1®D1=| 55| C®P=]43]| S ®Py=15,
6 0 | 7 3] 6 1] | 7 4 (45)

and the corresponding tree structure is illustrated in Figure 8.

The third and succeeding steps are identical in construction to the second
step, namely, we partition each set on the present level into two sets
containing the alternate rows with the sets for the present level determined
by a value of n* computed from (43) with M successively replaced by M/4, M/8,

etce.
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To extend the previous procedure to higher multiplicity of order k>2, we can
simply form the k/2-fold ordered Cartesian product of all the sets on a given
partition level created by the procedure for k=2. The result of this
procedure is illustrated in Figure 9 for k=4. If the number of sets required
to satisfy the trellis is less than the number of sets generated on a
particular partition level, then one would choose those that have largest
interdistance, as was done in the example of Figure 5. Also, as for the k=2
case, the sets formed by this generalized set partitioning procedure will all
have distinct elements in any of the k symbol positions. Thus, the length of
a 1 branch error event path will have value k, and hence the asymptotic bit

error rate performance of such a trellis code on the fading channel will vary

inversely with (Eg/Ng)" with n>k. Thus we can conclude that in so far as

(0]
concerned, incorporating multiplicity in the design of the trellis code has a

the rate of decay of average bit error probability with Es/N is

similar effect to using diversity, a technique commonly employed to improve

performance on fading channels.
A more optimum procedure for k>2 would be to generalize (43b) to

max min

g(n. ,n, n,_ )= %X % * m 2 %1 nim
1720 -1 g,y 121,305,000, H/2-1 m=0,1,2,...,M/2-1 |z - 1]° JT 1z T~ 1) (46)
i=}

x % x
L LERREL R
of the necessary sets on any level of partition.

The set of maximum solutions n can be used to produce all

More Examples

1. 4 State Rate 4/6 Trellis Coded 8PSK

Consider a 4 state rate 4/6 trellis coded 8PSK system designed for optimum
performance on the Rician fading channel. The trellis diagram appears as in
Figure 7, where the signal point sets assigned to the branches are derived

from the previous procedure and are given by
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C =144 D =151 E =140 F=1ss
| 66_| 73 | 62 ] | 77 ]
02 | (177 06| 13 |
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G = 46 H = 53 T 42 ~ 157

| 60_| | 75| | 64 | | 71 | (47)

For this assignment, each set has a minimum squared intradistance 4 + 4 = 8,
which represents the minimum square Euclidean distance between parallel

paths. Each of these one branch paths when viewed as an error event path has
a length L=2 with respect to any of the other paths in parallel with it.

Every other error event path (consisting of two or more branches) has a length
L greater than two regardless of which path is chosen as the correct path.
Thus, the dominant term in the asymptotic bit error probability expression of
(9) corresponds once again to the parallel paths. Since the minimum squared
intradistance for each of the two symbols in any of these 2-tuples is 4, then
analogous to (40), which describes the performance of the same scheme using

only a 2 state trellis, we get

2
p =1 /A(+K) K 1
b 4 E (4)(4)
Ny
2
- 14K) " -2K (48)

i.e., a gain of 4.5 dB in SNR.

2. 2 State Rate 4/12 Trellis Coded 8PSK

This is an example of a multiplicity 4 trellis code optimally designed for the
Rician fading channel. Since 4 8PSK symbols are transmitted over the channel
for each 4 bits into the encoder, the throughput of the code is 1 bps/Hz. The

state diagram is as in Figure 5, where E, F, G, and H are chosen as those sets
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which have largest interdistance in the construction of Figure 9. As such, we

have
[0 00 0] (0 4 0 4]
1515 1111
2222 2626
. 3737 3333
E= Ao®Bo®*‘o®Bo “l4 444 F= Ao®Ba®Ao®Ba “l4040
5151 5555
6 6 6 6 626 2
| 7 3 7 3| 777 7]
(020 2] (06 06|
1717 1313
2424 2020
3131 3535
¢ = A0®BZ®AO®B2 “lae6 46 H = AO®B6®AO®B6 “la242
5353 5757
6 060 6 46 4
| 7 5 7 5] (717 1] (49)

For this code all sets have squared Euclidean intradistance equal to 8. The
asymptotic average bit error probability for coherent detection with ideal CSI

is computed analogous to (40) and is given by

4
p = L [4Q1+K) K 1
b 4 E 2 2
— 4 sin2 z 4 sin2 L
N 8 8
0
4 -4K
- 14+K) e (50)

Note that because the multiplicity is equal to 4, the average bit error

probability of (4) varies inversely with (Ep/Ng)4, where now Eg = Ep.
3. 4 State Rate 5/6 Trellis Coded 8PSK

This is an example of a multiplicity 2 trellis code with noninteger throughput
(i.e., 2.5) optimally designed for the Rician fading channel. The trellis

diagram is as in Figure 5 with the following set assignments:
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C = Ag(X)Bg D = Ag(X)B,
E = Ag(X)B, F = Ag(X)Bg 51y
G = Ay(X)B, H = Ay(X)B;
I = Ag(X)Bs J = Ag(¥)By

where the sets Ao(:)Bi; i=290,1,2...,7 are as in (44). Again we remind

the reader that n* = 5 rather than n* = 3 could have been used to generate
these sets. By construction, the parallel paths in each of the above sets
have length L=2. Also, the minimum square Euclidean distance product for
these parallel paths is ﬂd2 = (4 sinz(w/8)) x (4 sinz(SwIB)) = 2., If we
examine all of the two branch error event paths, we find that the shortest
length of these paths is also L=2. The minimum squared Euclidean distance
product for these two branch paths is (4 sin22(ﬂ/8)) x (4 sinz(w/8)) = 1.172,
which is smaller than 2 and thus dominates the asymptotic error probability
performance. In particular, for coherent detection with ideal CSI, we have
that

~ 1 [8QQ+K)e” 1 (1+K)° -2K
P = 1157 = 0-437 — e (52)
s E
N (_2
0 N,

where Eg = 2.5 Ep.

The squared free distance of this code is determined by the error event path
of length three branches indicated in Figure 5 and is given by d?ree _
2(4 sin2(1/8)) + 4 sinz(«/8) = 1.757. The equivalent code optimized for the

2
AWGN [8] has d = 2 but only L=1.
free
4. 8 State Rate 3/6 Trellis Coded 8PSK

The last example is another one with noninteger throughput (i.e., 1.5). Also,
since there are 23 = 8 branches emanating from each node and the trellis has
8 states, there are no parallel paths and the trellis is fully connected. The

trellis diagram is illustrated in Figure 10 with the following set assignments:
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a(0)

L)

(53)
B(0) = Ag(X)By

j i 0 0
Also A(l) and B(l); i =1,2,3 are cyclic shifts of A( ) and B( ),

respectively, by i rows. This code achieves a minimum diversity L=3
corresponding to an error event path of length 2 branches. Also, the minimum
product of squared Euclidean distances is given by nd2 = (4 sinz(w/S))

x (4 sin2(5ﬂ/8)) x 4 = 8, which corresponds to the error event path

(relative to the all zeros path) with 8PSK symbols (1,3) and (0,4) along its
branches. Finally then, the bit error probability is asymptotically

approximated by

3
.1 faqs)e®\ 1 14+K) Se 3K
p z1[4Q4Ke | 1 _, .9 (4K e (54)
b- 3 E 8 — 3
g E
£ b
0 N
0

where Es/No = 1.5 Eb/No. The squared free distance is determined by
the two branch path with 8PSK symbol assignments (3,1) and (1,7) and is given

2
by depee = 4 5in2(3#/8) + 4 sin2(w/8) = 5.172.

Another interesting generalization of this example is as follows. When there
are no parallel paths in the trellis, as is true here, it may be desirable to
go to a larger modulation constellation (e.g., 16PSK rather than 8PSK) to
achieve an increase in diversity. To demonstrate this idea, consider the
following set assignment to the trellis diagram of Figure 10. First construct
sets Ao(:)Bo and Ao(:)s4 with n* = 3 and for 16PSK. Next, partition

these sets in accordance with Figure 9. Now choose the sets in Figure 10 as:

00 ( 17
2 6 3 13
4 12 5 3
0) 6 2 (0) 79
AT =co®Dyy = | gg B = Co(0D,; = | g 15
10 14 15
12 4 13 11
|14 10| 151 | (55)
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together with the appropriate cyclic shifts as before. We note that with this
assignment, all of the two branch error event paths differ from the correct
path in four 16PSK symbols and thus the diversity is now L=4. Unfortunately,

the minimum product of squared Euclidean distances will be reduced to the

value Md2 = (4 sin2(2%/16)) x (4 sin2(10%/16)) x (4 sin2(%/16))

x (4 sin2(9%/16)) = 1.172 and thus the choice between 8PSK and 16PSK
modulations depends on the value of Eblﬂo one is operating at.
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Appendix A: Proof that d2 Defined in (5b) Satisfies the Conditions
for a Distance Metric

Theorem: Let K > 0, vy > 0, and 8 be a metric. Then

2 2 172
dix,y) = K $ (x.;) + 1 In (1 + K +ly+6x(x,y))) (A-1)
1 +K+vy §(x,y)
is a metric, where
2 A 2
§°(x,y) = Ix-yl (A-2)
Proof:
Letting
2 Y 2
6o(x,y) = 14K d (x,y) (A-3)
then, we can rewrite (A-1) as
2
1 K 60 (x,y) 2 1/2
d(x,y) = 2 + 1n (1 + 60 (x,yﬁ (A-4)
vy 1+ 6o(x.y)
Since multiplication of a metric by a constant does not change its metric
status, it is sufficient to show thatx*
2 1/2
K (x,¥)
e,y A [ ESE gy (1 s2x,y)) (A-5)
1+ 8 (x,y)

is a metric.

*For simplicity of notation, we shall drop the zero subscript on 4.
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Consider a function ¢(t) defined over the domain R+ (the set of positive
real numbers) and taking on values over R+. Let ¢(t) have the following

four properties:

(1) $(0) > 0
(2) ¢(t) > 0
(3) ¢'(t) >0 (A-6)
(4) $"(t) < 0O
We shall now show that ¢(8(x,y)) is a metric. We observe that (A-6)
implies that ¢(t) is a monotonically increasing function with decreasing
slope as t increases. From conditions (1)-(3) of (A-6), we have that (see
Figure A-1)
¢(t3) < ¢(t1+t2) for t3 > t1+t2 (A-7)
Further imposing condition (4) of (A-6) results in
¢(t1+t2) - ¢(tl) '
t <9 (tl)
2
¢(t2)
- > ¢'(t,) > &' (L)) (A-8)
t 2 1
2
Combining (A-7) and (A-8), we have that
¢(t3) < ¢(t1) + ¢(t2) (A-9)
Letting
tl = §(x,y)
t2 = 8(y,z) (A-10)
t3 = 8(x,z)

then for the triangular inequality on §, namely,



.
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§(x,z) > &(x,y) + &(y,z) (A-11)

we have from (A-9) that ¢(8) satisfies the triangular inequality

¢(8(x,z)) < ¢(3(x,y)) + ¢(8(y,z)) (A-12)

and is thus a metric.

It remains to show that ¢(8(x,y)) = d(x,y) satisfies the conditions of
(A-6).

Letting

2

Ktz 2 172
$(t) = +1n (1 +t7) (A-13)
1+t

we immediately observe that conditions (1) and (2) are satisfied. The first

derivative of ¢(t) is given by

2
$'(t) = _t(14K+t ; 5 (A-14)
o(t) (1+t7)
which is obviously greater than zero for all t greater than zero.
(Condition (3) is satisfied.) Finally, the second derivative of ¢(t) is
4
N 14K-3Kt 2=t 1 t2(1+K+t2)2
¢"(t) = 2 3 -2 > 4 (A-15)
(1+t™) ¢ (t) (1+t7)
. 2 2
Since 1n (14t ) < t, we have from (A-13) that
2 2.
t (1Kt )
o2 (t) ¢ ELLEKEL (A-16)

1+t2
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Combining (A-15) and (A-16) gives

(3K+1)t2 + t4

(1+t2)3

$"(t) < - (A-17)

which obviously satisfies condition (4). Q.E.D.
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Table 1

The Solutions of Equation (43) for Various Values of M

M nx
2 1,1
4 1,3
8 3,5
16 7,9
32 7,9,23,25

64 19,27,37,45



we3sAS pepo) SITT2al 9ay3j jo weaderq }oolgd ‘T 9andtd

| yolovuLxa "
= =" anol.iolid _

|
| L r M
_ ¥ | ) i _
| _ |
| { I
HIAVI
40lv1 . | H3LNdWOID | WHLIH0D IV
"NAON3d v _ O1YLIW 19HILIA H34NE e
|
_ | LndLno
! _ |
_ b} ___ __4Y3aoo3gsimiayL _
TINNVHD NOILYWHOANI
ONIav4 31V1S TINNVHD
aNoL —— =
1071d Ios, |
| ™ Aviao _.Im
¥ " L__J
i
d } N Y3IAVII 43Q0ON3
HOLVINAOW fee- X e 135 g ST ~———
Y IVNOIS SI113HL SL1g
S %2018 S
H43Q0ON3 1NdNI
* VILNIYI4410

H3144VvD Jd




4 — . N
. MAPPER . M-ARY
TRELLIS () ———=| | AND . k OUTPUT
ENCODER : 2 M-ARY . SYMBOLS
— MODULATOR :
— .
—— >mk :
\ ol

Figure 2, Multiple Trellis Encoded MPSK Transmitter
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(a)

SYMMETRIC 4-PSK

(b)

Figure 3. (a) Symmetric QPSK Signal Point Constellation,
(b) Trellis Diagram for Conventional Rate 1/2
Trellis Coded QPSK
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3@ ®s)

54. .S]

6 @ o s,

SYMMETRIC 8-PSK

Figure 4. Trellis Diagram for Conventional Rate 2/3 Coded 8PSK;
2 States
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Figure 5. Trellis Diagram for Multiple (k = 2) Rate 2/3 Coded
8PSK; 2 States



Figure 6,
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Trellis Diagram for Optimum Multiple (k = 2) Rate 2/3
Coded 8PSK on AWGN; 2 States
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Trellis Diagram for Rate 3/6 Trellis Coded 8PSK
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@(t)

Slay+ed
Plightr — — - ——— — —
¢(1’1) b-—_———————

¢(t2) —————

Figure A-1. An Example of a Function that Satisfies the
Conditions for a Metric



